We prove the theorem: If R is a ring whose right ideals satisfy the double annihilator condition with respect to a semisimple right Ä-module W , then every right ideal is an intersection of maximal right ideals, consequently R is a right V (for Villamayor) ring, and W is then necessarily a cogenerator of mod-R . (The converse is well known.) We use this to give a new proof of a theorem of ours on right Johns rings.
Introduction
A ring R is a right V ring provided that R satisfies the f.e.c.'s: (VI) Every simple right i?-module is injective. (V2) Every right ideal / of R is an intersection of maximal right ideals, equivalently, R/I has zero Jacobson radical, i.e., rad(R/I) = 0. (V3) Every right Ä-module M has zero Jacobson radical, i.e., rad M = 0.
Proof. See [Fl] , p. 356, Proposition 7.32A. D If IT is a right .R-module, we say that W satisfies the double annihilator condition (= d.a.c.) with respect to right ideals provided that / = ann/j ann^I where ann^S denotes the annihilator of a subset S of R in W, and dually for ann^S for a subset S of W.
A CHARACTERIZATION OF F-RINGS
We now state the new characterization of F-rings. 1991 Mathematics Subject Classification. Primary 16D60, 16D10; Secondary 16D50, 16G99.
The second author is deceased (April 4, 1991; see notes in [F-Ml] and [P] ). (5) holds.
Since (4) is the intersection of maximal right ideals, then so is ann^w, whence / by (1).
Necessity. If R is a right F-ring, then the direct sum W of a complete isomorphic set of simple right /?-modules is a minimal cogenerator of mod -R . (See, e.g., [Fl] , p. 167, Proposition 3.55. There is a misprint in this proposition; cf. [F2] By the fact that RR satisfies the d.a.c. with respect to right ideals, and using (*) and (**), one sees that right ideals of R containing /, hence right ideals of R/J, satisfy the d.a.c. with respect to the semisimple module W. Then by the F-Ring Theorem, we see that R/J is a right F-ring.
Corollary. If R is such that W = ^J is a semisimple right R-module and every right ideal containing J is a right annihilator, then R/J is a right V-ring.
